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General  formulas  are  derived  for  the  energy  loss  of  a  charged  particle  passing 
with  any  velocity  through  a  multicomponent  plasma  of  arbitrary  temperature; 

•x  .i  .  .  -ti  i  yr  f\*  IV  !  (X  'x  *1  N  .  CV  M  •  /\  TT?  r  *'  '  / 

Because  of  the  possibility  that  new  statistical-physics  methods  can  give  more 
accurate  results  on  the  bremsstrahlung  of  a  high  temperature]  pdadha  and  on  re¬ 
combination  and  line-spectrum  radiation  of  low- temperature  plasma,  quantum 
field  theory  methods  of  statistical  physics  are  used  to  determine  the  spectral 
expansion  of  bremsstrahlung  intensity  per  unit  volume  of  a  plasma,  with  an 
allowance  made  for  the  shielding  of  the  Coulomb  ^ield  of  ion^. 
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The  Application  of  Quantum-Field 
Theory  Methods  to  Multibody 
Problems.  Moscow,  Gosatomiz- 
dat,  1963 
Pages:  65-02 


DECELERATION  OF  A  RELATIVISTIC  PARTICLE  IN  A  PLASMA 

A.  I.  Aleksey ev 

By  the  method  of  Green's  functions  there  are  found  general 
formulas  for  energy  losses  of  a  charged  particle  passing 
with  any  speed  through  a  multicomponent  plasma  of  arbitrary 
temperature.  In  detail  there  is  investigated  region  of 
nonrelativistic  temperature  of  the  plasma  and  arbitrary 
speed  of  flying  particle.  The  work  was  completed  in  i960. 

Usually  in  calculating  energy  losses  of  a  charged  particle 
passing  through  plasma,  losses  connected  with  pair  collisions,  and 
losses  caused  by  excitation  of  plasma  waves  are  examined  separately. 
Both  named  parts  of  energy  losses  have  an  Identical  order  of 
magnitude.  Because  of  the  Incorrectness  of  the  methods  used,  the  final 
results  of  total  losses,  obtained  by  different  authors,  as  a  rule, 
differ  by  numerical  factor  under  the  sign  of  logarithm.  In  connection 
with  this  it  seems  natural  to  apply  to  the  given  phenomenon  new  methods 
with  use  of  Green's  functions  and  diagram  technique  which  makes  it 
possible  more  clearly  and  correctly  to  solve  the  posed  problem.  The 
method  of  Green's  functions  together  with  diagram  technique  in  appli¬ 
cation  to  energy  losses  of  particle  in  a  plasma  were  first  worked 
out  by  Larkin  [1]  who,  however,  from  the  very  beginning  was  limited 
to  the  nonrelativistic  region.  Below  there  is  proposed  a  further 
development  of  the  indicated  method,  in  reference  to  the  case  of 
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I 

arbitrary  velocities  of  particles  passing  through  a  multicompon«.n 
plasma  (see  also  [2]).  Furthermore,  in  the  present  discussion  tht 
method  is  readily  extended  to  other  problems:  bremsstrahlung  ana 
the  production  of  pairs  during  passage  of  charged  particles  through 
a  plasma,  radiation  of  plasma,  deceleration  of  charged  particles  in 
matter,  etc. 


Probability  of  Scattering  of  a  Particle 

In  a  Plasma 

We  shall  examine  the  statistical  system  in  a  thermal  equilibrium 
consisting  of  several  levels  of  fermions  interacting  with  each  other 
by  means  of  an  electromagnetic  field  (multicomponent  plasma).  For 
generality  we  shall  assume  the  problem  relativistic.  Such  a  system  § 
in  a  nonrelativistic  approximation  may  describe,  for  example,  an 
electron- ion  plasma  containing  several  levels  of  ions.  For 
calculating  the  stopping  power  of  multicomponent  plasma  we  shall 
write,  in  SchrSdinger  notation,  the  Hamiltonian  of  the  plasma  and  of 
the  external  flying  particle,  interacting  by  means  of  an  electro¬ 
magnetic  field* 

H-H.  +  H.'  +  H,'.  W.-Etfi+W,  +  (1) 

l 


t 

Hl  -  £  •«f+/  cKj,  Hnl  =  $j(x)A(x)d*x,  (3) 

k,  /*  1 


♦Everywhere  the  system  of  units  is  used  in  which  h.  -  c  =  1  and 
there  is  adopted  the  following  rule  of  summation  over  the  vector 
indices:  pq  «  -  P^  -  P2q2  "  P Here  $  “  PV7V,  where 

7^  and  7^  2  3  =  ^4°!  2  3  are  ordinary  Dirac  matrices. 
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wo 


/,<*>-  s  «i  *lh  Wt, 

1  i 

xfc  Wtn  (!)-♦>, 

hW=v-M  2  4r<(»)f'»*+  I 

P./-I  *r-» 

k«=^(  2  4V»'d)«~"*+  2 

?•/“<  fkf-l 

•  ■ 

4 

Ay(x)-  S  (2*1*  Vykfck/t1**  +  t{'i 

k./-l  •> 

where  HX  and  H7  are  Hamiltonians  ol*  the  free  fermion  level  X  and  of 
the  photon  fields.,  respectively  and  H  ^  is  their  interaction  operator. 
Hn  is  the  Hamiltonian  of  the  plasma.  Hq  is  the  Hamiltonian  of  free 
field  of  flying  particle  (fermion),  and  H^  is  the  operator  of  its  g 

t  t  e 

interaction  with  photon  field.  HQ  and  H^  have  the  same  structure  7 

as  H^  and  H^  in  which  the  subscript  X  is  discarded.  At  r  «  1.2,  u£(p) 
is  the  solution  of  the  Dirac  equation 


w 

(5) 

(6) 
(7) 


for  positive  energy  *£  — j/p*  +  /«*,  and  at  r  =  3.4  —  for  a  negative 

energy,  equal  to  |/pi+m?  .  Then,  u  =  u%^aA(x)  is  the  four¬ 

dimensional  vector  potential  of  electromagnetic  field;  ap(bp  r)  and 

aP  r(bp  r)  are  °Pera,tors  respectively  of  the  absorption  and  creation 
of  a  fermion  (anti -fermion)  of  sort  X  with  momentum  p,  polarization  r, 
and  energy  e£;  and  c^  j  and  c£  j  are  analogous  operators  of  photon 

with  momentum  k,  polarization  l ^  and  energy  =  |k|.  The  sign 
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N  before  the  operators  designates  the  N-product  [5],  V  is  the  vo.i  i:.: 
of  plasma,  and  e^  is  the  charge  of  fermion  of  level  X.  The  S-met.r' 
describing  quantum-mechanical  transitions  of  plasma  and  flying 
particle,  satisfies  the  equation 

lM- =(#.  +  //.' +  «,')$.  (9) 

We  now  use  the  transformation 

Samt-nHm+w)tt  (10) 

and  then  turn  to  another  representation,  in  which  the  operators  of 
field  ^'(x)  of  a  flying  particle  are  written  in  the  interaction 
picture 

♦'  M-V*7  t'(*)e~w',  (11) 

and  operators  of  fermion  V^(x),  ^(x)  and  Photon  A(x)  field  —  in 
the  Heisenberg  picture 

Mx)  e 

.  (12) 

Here  the  operator  A(x)  in  case  of  a  Lorenz  gauge  transformation 
satisfies  the  equation 

- A%  Wifi  Ml  (13)  9 

with  a  solution  of  the  type 

A,  to  '■  A\  (x) + S  J  flf (■*  -  *')  X  X 
X(Vl  Mhv  ft 

where  A^(x)  is  the  free  photon  field,  and  DQ^v(x  -  x  )  is  the  function 
of  propagation  of  photon  in  quantum  electrodynamics  in  the  zero 
approximation 
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a>a 


(15) 


(»*-•£) 

With  the  other  gauge-transformation  of  the  potentials  A(x),  equations 
(13),  (15)  and  function  Dq^v(x  -  x  )  vary;  however,  general  form 
of  the  solution  (14)  will  he  maintained  with  arbitrary  guage-trans- 
formation  potentials.  On  the  right-hand  side  of  equation  (1J)  is 
the  sum  of  the  currents  formed  by  each  level  of  fermions  of  the 
plasma. 

The  transformation  (10-12)  in  accordance  with  the  sense  of  the 
posed  problem  assumes  that  the  interaction  of  a  flying  particle  with 
plasma  particles  is  engaged  and  is  disengaged  at  moments  of  time 
t  =  -00  and  t  =  400,  respectively,  whereas  interaction  between  particles 
of  plasma  one  with  another  remains  continuously  engaged  e^  /£  0. 

In  the  indicated  representation  the  s-matrix  is  determined  in 
the  following  way: 

(16) 

H.’W-e’NftMMxWto), 

where  e'  is  the  charge  of  flying  particle;  the  operator  A(x)  is  given 
by  expression  (1^)  and  the  symbol  T  before  operators  indicates  a 
T-produrt  [3],  The  s  matrix  (1 6)  describes  scattering  of 'flying 
particles  in  a  multicomponent  plasma  as  a  single  whole.  To  an  equal 
degree  the  s-matrix  (16)  is  applicable  for  the  description  of  the 
phenomenon  of  scattering  with  radiation,  the  formation  of 'pairs,  etc. 

We  shall  then  assume  a  flying  particle,  moving  with  a  speed  v, 
sufficiently  rapid  e^e'/hv  «  1,  in  order  that  its  interaction  with 
electromagnetic  field  created  by  the  plasma  may  be  examined  according 
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to  the  theory  of  perturbations.  Then  the  matrix  element  of  the 
s-matrix  describing  the  scattering  of  an  external  particle  with  its 
transition  from  a  state  with  momentum  p  and  polarization  r  to  a  state 
with  p*  and  r*,  and  the  plasmas  —  from  a  state  n  to  a  state  m,  is  \ 
determined  by  following  formula: 

VipV',  *pr-  -fSeVi.  (*pVjJyc*)T|»  x 

X 0o,i> ~  (*') 7>  'h  (*') # Xdx X' I a  p  r)  - 

=  ~  «"  )  ,(q.  •)£  n  X 

l 

X&  (0)7. \  (Q))«*Kq  -  O; 

q  -  P  ~  P'5  hi =  P*  ” 

**, = Em  -  £ *P  - 1  ¥TM\ 

where  the  subscripts  n  and  m.  denote  the  state  of  plasma,  in  which 

the  total  energy  E,  the  difference  between  total  number  of  fermions 

and  anti-fermions  N  =  XN,  ,  and  also  the  total  momentum  P  of  the 

X  A 

plasma  have  specific  values;  q  and  <u  are,  respectively,  the  momentum 

and  energy  transmitted  to  the  plasma  during  scattering  of  flying 

! 

particle  of  mass  M  and  of  charge  e  . 

The  probability  dW  of  the  scattering  averaged  on  the  basis  of 
the  initial  and  integrated  on  the  basis  of  the  final  spin  states  of 
a  flying  particle,  and  also  integrated  over  all  final  states  of  plasma 
and  statistically  averaged  on  the  basis  of  initial  states  of  plasma 
by  means  of  the  Gibbs  distribution 

(18) 

g.  I  • 

where  0  *  1/kT;  Q  is  the  thermodynamic  potential  of  a  plasma;  |i  is 
the  chemical  potential  of  fermions  of  sort  X,  and  the  difference 
between  total  number  of  fermions  and  anti-fermions  of  sort  X,  is 
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determined  in  the  following  way: 


dv~  V  <q,  «)(#■/>'. 

V  =  "7-  Ip,.  py  +#V  V  _  V<w'  -  x*)). 


*»  9 


«V(q,  .)-<2«)*S  +  X  ,,  X 

«,«  X,  X' 

X (7ft  (0)r,  'ft  (0))„  ft,.- (0)Tv.  V (0))«,«(q  -  ,)?(.  - 


(19) 

(20) 

(21) 


where  $  ,  (q,  oo)  is  expressed  in  terms  of  the  correlation  function, 

which  in  turn  is  intimately  connected  with  Green's  thermodynamic 
functions  of  particles  of  a  plasma,  p  is  the  four- dimensional 
momentum  vector  of  a  flying  particle,  in  which  p^  =  ep. 


The  Correlation  Function 

We  shall  examine  the  following  correlation  function: 


<o+i  rv  a;. -//.>> 

-  *|)  =  1  */.  e,'Sp\e  x"  x 

x.  X' 

X  T,  l(?x  (*,)  Tyt  *x  (*ihv  tx'  (*a))I).  ( 22) 

in  which  x  is  the  totality  of  x  and  of  the  variable  t,  varying  within 
the  limits  0  *  t  §  p.  The  symbol  Tt  designates  the  T-product  [5], 
in  which  the  order  of  operators  proceeds  according  to  the  variable  t, 
and  the  tilde  sign  ~  denotes  operators  in  the  "Heisenberg  picture," 
for  example 

"  (S^x  *x  <2^  **-//.)* 

\{x)  =  e  k  ^(,)e  *  (2J) 

In  order  to  ascertain  the  indicated  relationships  between 
functions  (21)  and  (22)  we  shall  make,  by  following  Landau's  [4] 
method,a  spectral  expansion  of  the  function  K  (x)  (22).  We  shall  obtain 

[XV 
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OS  (DO 


^(•It  *)  = 


J  •,  t>0; 


—  X 
<x> 


(24) 


J  ® +  <*•»<  ® 


-0» 


where  -P  M  sP,  and  the  function  #  (q,  ca)  is  determined  by 

expression  (21).  We  shall  periodically  extend  function  (24)  to 
the  entire  axis  t,  then  at  any  t  there  will  be  fulfilled  the  relation¬ 
ship 


X^(q-  •)  —  Kp  (q,  *  4-  ft 

Then,  in  completing  the  Fourier  transform 

K(*.  ')  =  J  K(*  -.)«'*'*  "  *9. 

•a 

we  shall  obtain,  by  taking  into  account  relationship  (25), 


(25) 


(26) 


(q*  *») =  J 


(27) 


"a  =  2n k  Jl,  «  s  0.  ±1,  :t  2. .  . 

Integral  (27),  considered  formally  as  function  of  variable  ia^, 
determines  analytic  function  «!*<«*  co)  in  the  upper  half-plane 

ILV 

,  f -■)<' v , 

•)■*■*  J - — — — 

0 

”  I  — - +  .)(l -«-•>),  (28) 

which  coincides  with  K  (q,  -i(io^))  at  an  infinite  set  of  points 
co  =  ia)n  (a>n  >  0),  having  a  point  of  bunching.  By  the  theorem  of 
analytic  continuation  we  conclude  that  K*  (q,  o>)  is  analytic  continua- 

[IV 


tion  of  function  K(iv(q,  -i(io^))  (27)  on  upper  half-plane  of  complex 
variable  o> 

(29) 
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H-<J  0-1 


Inasmuch  as  <J>  (q,  u>)  is  the  real  function  o>  on  real  axis,  then 

[iV 

from  formulas  (28)  and  (29)  we  have 


ta*  *^<q*  — !•) 


(30) 


Thus,  problem  reduces  to  finding  the  function  K^v(q>  cl^),  since 

the  formal  substitution  of  o>n  -*■  ico  aids  immediately  in  determining 
t  (q,  (d)  by  the  formula  (30).  Calculations  (see  Appendix  1)  result 
in  the  following  general  relationship: 

(q.  *■)  Do  <,'v  (q.  **)  ~  (q.  *»)  D.,s  (q,  — J(  ( 31 ) 

in  which  the  polarization  operator  II  and  Green’s  photon  thermodynamic 
function  Dvv»  are  found  from  equations  [2] 

(P.  •m)  =  °ii >.(P*  •«)  +  °b>.0>.  ••) Mk  (P.  (p.  •»).  ( 22) 


0^-1  (k,  ■,)  *  Dq  (k,  ■,)  —  Dq  pp'  (k,  *,)  H,<v'  (k,  •,)  X 

X  *«) 

MI.  (p.  ««)  =  X!  j  V  <P  + •-  +  •-)  x 

"H 

Xr»(p  +  k,  •*+•«;  k  *rt)  0?v'(k,  »*)  <T’b. 

•  “,v(k.  S  ^  2  J Sp;?0,(pfk,  -«+-.)X 

*  '  •*« 

X  rv  (p  +  k,  p,  -JO,  (p,  *m)iPp, 
r(p,  v\  •  «)  -  t  +  a(p,  •»«;  p'  ••). 

®„  =  (2«  +  I) n/?,  ®„  =  2n r.!%  m,  n  =  0,  ±1.  ±2,... 


(35) 


(34) 


Here  A  is  deteraiined  in  the  form  of  series,  being  here  the 
totality  of  all  graphs  of  peak  portion  in  addition  to  simple  peak 
(point),  and  Green’s  thermodynamic  functions  of  zero  approximation 
Gox  and  DQ^V,  respectively,  for  fermion  of  level  X  and  photon  are 
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equal  to 


<ki tp*  •«)  -  Ip  t  -  (i»m + n h» + l”1  i 

A* 

A>i»v(k.  •»)  *  ~  p—f  • 


(35) 


Expression  (35)  corresponds  to  a  Lorenz  condition  of  the  potentials 
(14).  During  another  condition  of  the  potentials  (14)  function  P0uv 
has  the  form  [5] : 

a)  in  case  =  0 


^•14 


(36) 


b)  in  case  div  A  =  0 

(t*“'^L)  •  (37) 

//,!*/  ■*  L)4  i  i  —  0;  ^*n  (k.  =  jjr  • 

In  a  concrete  calculation  of  magnitudes  n  (k,  ^n)  and  M^(p,  o^) 
in  relativistic  region  there  appear  singularities  associated  with 
the  renormalization  of  the  charge  and  mass  of  plasma.  In  connection 
with  this  we  shall  rewrite  equation  (35)  in  such  a  form,  which  is 
the  most  convenient  for  investigating  the  question  on  the  renormaliza¬ 
tion  of  the  charge  and  mass  of  particles.  For  this  purpose  we  note 
that  there  takes  place  the  relationship  [6] 

».)-<•.«,  4  <*,  «.)=0.  (?8) 

In  the  most  interesting  case  of  the  first  approximation  different 
from  zero  n^v(k,  o>n)  of  the  polarization  operator  n^(k,  o>n)  (this 

*The  vector  designated  by  the  Latin  letters  i,  k,  l,  etc.,  runs 
through  values  from  one  to  three  (in  distinction  from  the  Greek  letters 
v,  p.,  etc.,  which  take  on  all  possible  values  4,  1,  2,  3),  where  for 

^ik  have  6^^  =  ^22  =  ^33  = 
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approximation  is  obtained  if  in  the  polarization  operator  (34)  we 
replace  all  functions  by  their  zero  approximations)  the  relationship 
(38)  is  proven  directly 

X(-  J  Sp 7;i  0„ ,  (p,  2  J  Sp  7;»  0„>.X 

mm  "m 

X(P  +  k,  ««  +  «.) <Pp) -0.  (?9) 

where  there  has  been  used  the  equality 


k?  -  /«*„?«  -  Up  +  k)v  -  (*•«  +  /#»*  + *>.  )i*  +  I  “ 

+  )T«  +  mk)*  (40) 


In  the  absence  of  a  magnetic  field  the  plasma  is  spatially  an 
isotropic  system  and  vector  k  is  only  vector  on  which  the  polariza¬ 
tion  operator  (34)  depends.  Therefore,  taking  into  account  relation 
ship  (38)  it  is  possible  to  write 


n,t(k,  "J  =  II' (k,  -.)  +  *£  Il'(k,  «„). 

n„(k,  -.)-n„(k,  .,) - iit  n<(k. »,), 

*• 

n,,(k.  .„) - ^-n<(k,  ».), 


(41) 


where  the  transverse  and  longitudinal  nl  parts  of  polarization 


operator  (3*0  are  determined  as: 

n'(k,  -,)=  y[ii«(k,  »»)+'^-n„ik. 


(42) 


l 


n<(k,  -.)  =  •*£  n„<k.  «„)---£-n„(k,..).  (43) 

Thus,  the  problem  on  removing  the  singularities  in  equation  (33) 
reduces  to  removing  the  singularities  in  two  scalar  functions  and 
n1,  through  which  there  is  expressed  the  polarization  operator 
II  .  Question  about  the  removal  of  divergence  in  II  was  investigated 
in  works  [7,  8], 
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Equation  (33)  has  identical  form  independently  of  the  conditions 
imposed  on  the  potentials  (14).  In  practical  calculations  the  most 
convenient  is  the  gauge  transform  of  potentials  in  which 

A*m  a  (44) 

In  this  case  the  solution  of  equation  (33)  has  the  form 

Dtt(k,  =  (*/* --^LD'(k,  •*).  (45) 

I  D|  |  =  Du  s  0, 


where 


*+-\  +  4«ll'(k.  m„)  # 


(46) 


-i.  +  4«n'(k,  «,) 


(47) 


On  the  other  hand,  an  isolated  quasi-neutral  plasma  may  be 
considered  as  a  uniform  isotropic  material  medium  being  characterized 
by  the  dielectric  constant  e  =  e(x  -  x\  t  -  t*)  and  magnetic 
permeability  p.  =  u(x  -  x*,  t  -  t *).  Heisenberg  operators  of  macro¬ 
scopic  electromagnetic  field  satisfy  Maxwell  equations.  If  we 
were  to  designate  the  Heisenberg  operator  of  a  four- dimensional  vector 
potential  of  electromagnetic  field  in  medium  through  Ac(x)  =  Ac(x,  t), 
then  with  the  gauge- transformation  Aj  =  0  we  shall  obtain  the  follow¬ 
ing  equation  for  Ac  in  a  momentum  representation: 


(48) 


We  shall  determine  Green’s  delay  function  of  electromagnetic 
field  in  medium  by  the  relationship 


D*(xl-xt)  = 


“<*>(*«)  ^(*i)l),  tt>t» 
0.  ti<*+ 
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where  Hy  is  the  Hamiltonian  of  the  plasma  in  a  macroscopic  descrip-  1 
tion,  and  F  is  the  free  energy  of  the  plasma.  Using  equation  (48) 


and  the  relationship  of  the  commutation  for  the  vector  potential,  there 

readily  is  obtained  equation  for  Green's  delay  function: 

OS-Oft-GSrO. 

solution  of  which  has  the  form 

OjS(k,  .)=  •>  (■  -*• 

(49) 

£K(k,  •)- - ^■(k>  - ,  D'(k,  »)=';■*  -  . 

'  -)-k»  *  '  ’  ' 

(50) 

As  is  known  (s^e,  for  example,  work  [5]),  the  Fourier  component 

1 D 

of  Green's  delay  function  D"*  (k,  co)  and  the  Fourier  component  of 

[XV 

Green's  temperature  function  in  a  medium  (which  is  nothing  else  but 
D^v(k,  oin)  (35))  are  connected  by  the  relationship 

^V»(k»  ^i) =  (k,  •*)- 

T> 

In  other  words,  D  (k,  o>)  is  the  analytic  continuation  of  the  func- 
tion  D  (k,  -ico)  to  the  upper  half-plane  of  the  complex  variable  a> 

\xV 

D*(k,  •) - D^<k,  (51) 

Considering  equality  (51)  and  comparing  relationships  (45) -(47) 
and  (49) -(50),  we  find  an  expression  for  dielectric  and  magnetic 
permeability  of  the  plasma  [9]*  valid  at  any  values  of  <d,  lying  in 
upper  half-plane  of  the  variable  u> 

l-.(lc,.)..^-ll'(k.  -I* 

l  -  — -  --£-[n<(k,  H' (ki  -im 

**(k, «)  k» 

or,  according  to  relationships  (42)-(43),  we  have 

l-»(k,«)  =  -jpir„<k,  -Hi  (52) 


•-1J- 


In  distinction  from  macroscopic  electrodynamics  the  magnitudes  £ 

e(k,  a))  and  M,(k,  o>),  determined  by  formulas  (52) -(55),  are  valid 
at  any  values  of  k  and  cu,  i.e.,  they  are  a  known  generalization  of 
dielectric  and  magnetic  permeability  of  macroscopic  electrodynamics. 

By  means  of  a  diagram  technique  the  polarization  operator 
n^v(k,  o^)  in  formulas  (41)-  (43)  is  calculated  in  any  approximation 
and  a  formal  replacement  of  permits  us  to  determine  the 

dielectric  and  magnetic  permeability  according  to  formulas  (52)-(53). 
In  calculating  n  usually  there  are  discarded  the  terms  proportional 

p 

to  higher  degrees  of  e^.  In  distinction  from  quantum  electrodynamics, 

2  2 

where  the  parameter  of  the  expansion  is  e^/kc  (or  e^/bv  —  v  is  the 

velocity  of  a  particle),  here,  besides  e2/hv  ~  e2h”^m^/2P^/2,  param¬ 
eters  of  the  expansion  at  a  high  temperature  and  weak  shielding  are 
provided  by  and  e^n1/2?  (and  also  their  product 

e^nP2^^^)  and  at  low  temperature  and  high  density  -e^m^/i^n1/^. 

2 

Thus,  in  disregarding  terms  of  higher  order  in  e^,  we  make  an 

expansion  in  the  indicated  parameters  depending  upon  conditions  of 

problem.  We  readily  are  convinced  of  this  if  by  means  of  the  diagram 

technique  we  analyze  the  graphs  of  terms  proportional  to  different 
2 

degrees  of  e^. 

-1 

For  a  nonrelativistic  plasma  P  «  m  (where  m  is  the  mass  of 
the  electron),  the  magnetic  permeability  is  practically  equal  to 
unity,  and  transverse  and  longitudinal  parts  of  the  polarization 
operator  are  identical.  In  this  c&se  polarization  operator  (34) 
has  the  form 

Hi*(k  •*)  =  -  ^  */* n4l  (k,  «„),  ( 54 ) 
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MO 


(55) 


ii.ifk.  »J = n„(k, n„(k,  •.), 
n«(k.  n<(k, dm(h,..|. 

Energy  Losses 

The  energy  being  lost  per  unit  of  time  by  particle  flying  through 
a  plasma  is  equal  to 

W(r-.‘-T>vQ»yv«.  -)<»«>.  -)x 

Xlm /(.,*' (q.  -  l«)<Pqi  (56)  ^ 

•=•*-«*-*»  «*->  p*+Af*.  j 

It  mu3t  be  noted  that  during  scattering  of  particle  there  takes  place 
the  relationship  cu  /  q  .  Equality  u>  =  q  would  signify  that 
flying  particle  radiated  a  photon,  but  in  the  approximation  being 
considered  (17)  this  does  not  occur..  Therefore  D()^v(q,  is  a 
real  function.  Furthermore,  in  an  arbitrary  gauge  transformation 
of  the  potentials  it  is  possible  in  relationship  (56)  to  make  the 
substitution  (see  works  [5,  2]). 

•)Dj<1v(q,  «*)  =  A.y,(q,  — *«)  Ayvfa* 

Since,  in  relationship  (56),  Im  =  according 

to  equations  (Jl)  and  (55),  we  shall  obtain 

-  4r  =  isr  J  ■,Jerr.?  - '•>*»•  (57) 

In  such  a  form  formula  (57)  is  applicable  for  investigating  the 
energy  losses  of  particle  passing  through  any  medium.  In  this  case 
function  D  (x  -  x')  is  Green’s  thermodynamic  function  of  the  electro- 

r*  ^ 

magnetic  field  in  a  medium  which  is  expressed  in  terms  of  the  dielec¬ 
tric  and  magnetic  permeability  of  the  medium  according  to  formulas 
(45)-(^7)  and  (52)-(53)  (see  Appendix  2). 

Formula  (57)  is  valid  at  any  temperature  of  the  plasma  and 
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arbitrary  velocities  of  a  flying  particle.  However,  at  first  we 
shall  examine  a  nonrelativistic  particle  v  «  1,  passing  through 
nonrelativistic  plasma  £  «  m,  where  m  is  the  mass  of  the  electron. 

As  a  result,  we  shall  obtain  formulas  which  generalize  the  well 
known  work  of  A.  Larkin  [1]  in  the  case  of  multicomponent  plasma 


—  l 


lm 


-<«>’ 


(58) 


■  M/*>.  —  • 


d*p, 


(59) 


/ip  -  (e(p,/2*V  “  •*'>.  >  >  4.  i)-» , 


(60) 


where  co  =  q(vx  -  q/2M) ,  x  =  pq/pq  -  m^,  and  the  polarization 

operator  (3^)  is  taken  in  the  first  approximation  different  from 

zero.  Relationships  (58)-(60)  include  the  distribution  function 

"p  of  only  the  fermions,  since  the  distribution  function  of  anti- 

fermions  within  a  nonrelativistic  limit  vanishes. 

We  investigate  in  detail  the  region  relative  to  high  temperatures 

and  low  density  of  the  plasma  when  distribution  function  (60) 

coincides  with  the  Boltzmann  distribution.  In  this  case  imaginary 
i 

part  II  24.4  Is  equal  to 

fan  n>„(q,  -/.)-£  »,  V*"*>  *  X 

i  V 

X(e~">-I)e  *  V* 

where  n^  is  the  density  of  fermions  of  level  X 

The  method  of  calculating  the  integral  (58)  in  a  nonrelativistic 
region  in  detail  is  described  in  the  indicated  work  [1],  therefore 


% 
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we  shall  give  the  final  result  for  one  of  the  most  interesting  cases. 
If  the  velocity  v  of  a  flying  particle  is  great  in  comparison  to  the 
mean- thermal  velocity  i/Ksr?  of  the  particles  of  plasma,  then  the 
energy  losses  are  given  by  the  formula* 


*«> 

it 


•>  •* 

"  <*+«!>»•*  • 


(61) 


where 


■k 


t 


In  formula  (61)  terms  of  an  order  l/mx6v2  are  discarded.  As 
is  evident  from  formula  (61),  the  energy  losses  occur  chiefly  in 
an  electron  gas.  Losses  in  ions  must  be  taken  into  consideration 
only  in  the  case  when  quasi- neutral  plasma  contains  a  high  percentage 
of  negative  ions.  Energy  losses  in  the  electron  gas  are  calculated 
in  work  [1], 

We  shall  consider  further  a  relativistic  particle  being  decelera¬ 
ted  in  nonrelativistic  plasma  0"^  «  m.  For  this  part  of  the  integral 
of  (57),  in  which  the  transmitted  momentum  q  has  nonrelativistic 
values,  it  is  possible  to  use  relationships  (5*0-(55)#  where 


Wq.— '•)-(«*- -7  )*r3T' 

where  e  =  e(q,  a>)  is  given  by  formula  (52).  In  particular,  energy 
losses  with  transmission  of  a  small  momentum,  included  in  the 
interval  0  s  q  s  qQ,  where  q^  «  m/&,  have  the  form 


-4-  =  E 


In 


2 

l 


In  calculating  the  other  part  of  the  integral  in  (57)#  in  which  q 
acquires  relativistic  values,  there  must  be  taken  into  account#  in 
general,  both  the  relativistic  and  also  the  quantum  effects. 

In  the  most  simple  case  of  deceleration  of  a  heavy  relativistic 


*A11  final  formulas  contain,  in  explicit  form,  the  lx  and  c. 
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particle  only  in  an  electron  gas  of  a  plasma#  quantum  effects  are 
immaterial  and  energy  losses  from  pair  collisions  are  calculated 
by  the  ordinary  (classical)  procedure.  Finally,  the  energy  being  lost 
per  unit  of  time  from  a  heavy  relativistic  particle  in  an  electron 
gas  of  plasma  is  equal  to 


where  e,  m  and  n  are,  respectively,  the  charge,  mass,  and  density  of 
electrons  of  plasma. 

The  author  is  grateful  to  V.  M.  Galitskiy  for  his  criticism  on 
certain  questions  relating  to  the  given  work. 


Appendix  1 

We  shall  use  a  certain  general  relationship,  which  may  be 
useful  also  in  other  problems.  For  this  purpose  we  shall  consider 
Green's  thermodynamic  functions  0^(x,  x')  of  plasma  particles  in 
the  presence  of  external  current  J(x)  (see,  for  instance,  [2]) 

o'k(M.  *•) « <  r, irx(*) ?*(*') s'| > /  (S').  (l.i) 

S'-rte-f,(J)4U)".  /(*>-./<*)  +  /<*). 


where  for  arbitrary  magnitude  B  there  is  adopted  the  designation 

il  ^ 

Here  d  x  =  d-  x  dx,  where  the  integration  over  x  is  made  within  limits 
of  the  volume  of  plasma,  whereas  integral  in  the  variable  t  is  taken 
from  0  to  P.  The  dependence  of  the  field  operators  on  the  variable 
t  is  determined  in  the  following  way  ("interaction  picture"): 


Tx<*)  =  c“  kMe* 

At  J(x)  =  0  function  (1.1)  coincides  with  Green's  thermodynamic 
function  G^  (J2).  According  to  the  well  known  theorem  connecting 
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N-  and  T-products  of  operators  [10-11],  we  shall  rewrite  Green's 
function  (1.1)  in  the  form 

0\(S.  xO-  ?  A’  > .  (1.2) 


where 


I  -  J  *s*,  0,^(1  -  D  ,^(()lTta(;t). 


By  commutating  the  operators  exp  A  and  a  in  formula  (1.2),  we  shall 
obtain 


G'i  (*.  -  <  D  l««  rk  (X)  vk  (x')  X 

X, -«**•«*►*«•**,  r>> 


(1.3) 


The  polarization  operator  (34)  in  coordinate  representation  is 
determined  by  the  relationship  [2] 


i 


n,.'  C-k  -  y)  o,.,  (§ —*)# 


tc\w  (»■  »> 


/.-o 


(1.*) 


Variational  derivative  with  respect  to  external  current  in  formula 
(1.4)  is  readily  found  if  we  use  formula  (1.3).  As  a  result  we 
shall  have 


J  V  t*  ~  f >  0.-,  (j  -  *)  *'9  =  ~ 

—  x)rf«f.  (1.5) 

where  the  correlation  function  K  (x  -  y)  is  determined  by  formula 
(22).  In  relationship  (1.5),  by  completing  the  Fourier  transformation 
(26)  we  obtain  formula  (31).  If  we  use  the  diagram  technique, 
then  formula  (1.5)  may  be  obtained  also  without  involving  variational 
derivatives. 


Appendix  2 

We  shall  apply  methods  of  quantum  field  theory  in  statistical 
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physics  to  the  problem  on  the  decleration  of  a  charged  particle  in  a 
substance.  As  is  known,  a  charged  particle  flying  through  a 
substance  loses  its  own  energy  owing  to  excitation  and  ionization 
of  atoms  of  substance.  Furthermore,  the  energy  of  flying  particle 
is  expended  in  surmounting  the  deceleration  force,  developing  as  a 
result  of  polarization  of  the  medium  by  a  charge  of  th*-'  particle.  From 
the  macroscopic  point  of  view  the  energy  losses  of  particles  are  con¬ 
sidered  to  be  a  result  of  the  excitation  in  medium  of  electromagnetic 
waves,  which  attenuate  if  medium  has  a  complex  dielectric  permeability. 
Thus,  the  moving  particle  transmits  energy  to  medium  by  means  of 
electromagnetic  field.  Energy  losses  of  charged  particle  in  a 
substance  can  be  calculated  by  methods  of  quantum  field  theory  applied 
in  many-body  problems.  The  calculation  made  below  is  of  well-known 
interest  in  methodology  in  view  of  future  applications  of  the  present 

method.  e 

o 

The  Hamiltonian  of  the  considered  system  in  the  Schrodinger  f 
picture  will  be  written  in  the  form  of  a  sum 

//«  +  j  ///. 

Here  Hc  includes  the  Hamiltonian  of  particles  of  the  medium,  the 
Hamiltonian  of  free  electromagnetic  field  (3),  and  energy  of  inter¬ 
action  of  particles  of  medium  with  free  electromagnetic  field.  Hq 
is  the  Hamiltonian  of  external  flying  particle  (fermion),  and  H^  is 
energy  of  interaction  of  flying  particle  with  the  electromagnetic 
field 

///  f  r  <«m  (»)*•«. 

* 

where  j(x)  is  the  operator  of  the  four-dimensional  current  of  the 
flying  particle,  and  A(x)  is  the  operator  (7)  of  the  four-dimensional 
potential  of  free  electromagnetic  field. 
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The  Sc-matrix  of  the  quantum-mechanical  eystem  being  considered 
is  determined  by  the  equation 

‘  -  <//r  I  //./  +  //, '),V 

By  transformation 


we  shall  introduce  the  s  -matrix  describing  the  scattering  of  flying 
particle  in  the  medium: 


**  ■-  T  e  1  *  M{  w **.  //,'  (x)  •■=  /  fx)  >4  (x). 
I'  (*)  -  e,w*  *  *,  A  ( x )  c  ^  ^  i4(x)e 


(2.1) 


By  means  of  the  s  -matrix  (2.1)  we  shall  find  statistically  the 

V 

averaged  energy  being  lost  by  a  flying  particle  per  unit  of  time.: 

1  C 

-  *sr  “  is*  j 

%<*  -)  -  (2r)»  S  c<r  U<I»U Mq  - *>*,*<*  - - 

«.w 

where  A(0)  is  the  operator  of  the  electromagnetic  field  in  the 
SchrSdinger  picture  taken  at  x  =  0;  F  is  the  free  energy  of  the 
substance;  and  the  remaining  magnitudes  were  determined  above. 

i 

The  function  4>  is  directly  connected  with  Green's  thermodynamic 

V\~L 

function  D  of  the  electromagnetic  field  in  the  medium 


D  (x-x  \ 


-  sp \tr  r,  [2, (7,  x')j;. 

31  (x,  ?)  =  eW(ftX(x)c"ff«’ 


(2.2) 


i 

where  t  and  t  vary  within  the  interval  from  0  to  p. 

Repeating  the  discussions  which  resulted  in  formula  (30),  we 
readily  find 


<*  *) 


Here  Dv^(q,  -iu>)  is  obtained  from  Dv  (q,.  o>n)  by  the  replacement 

a)  -►  -iu>  where  D  (q,  a)  )  is  the  Fourier  component  of  function  (2.2). 

ii  [i,  n 
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Thus,  the  energy  lost  by  an  external  particle  p<T  urui  of  § 
time  during  passage  through  a  substance  is  equal  to 

**m  «'»  f 

-  ~4t  •  ’  Tl?  3  i  '  1,11  1>V  ^  M  rf  '/. 


which  coincides  with  formula  (57). 

If  the  medium  being  considered  is  a  plasma,  then,  ss  was  indicated 

above,  function  D  (q,  co  )  can  be  directly  calculated  in  -my  approxi- 

mat ion.  In  a  general  case  the  material  medium  is  characterized  by 

dielectric  permeability  e  =  e(x  -  x*,  t  -  t*)  and  magnetic  permeability 
/  1  • .  . 

\i  =  [i(x  -  x  ,  t  -  t  )  (for  the  sake  of  simplicity  we  assume  the  medium 
homogeneous  and  isotropic).  By  the  usual  method  there  are  introduced 
operators  of  macroscopic  electromagnetic  field  in  the  medium  and 
Green's  delay  function  dJJ  (x-x*,  t  -  t'),  whose  Fourier  com¬ 
ponent  dJ  (q,  (o)  is  connected  with  2Vu(q,  -iu>)  by  relationship 

D 

(51)  where  function  D  (q,  ^)  explicitly  is  determined  by  specifying 
e(q,  oj)  and  p(q,  cd)  of  the  medium  being  considered. 

We  now  consider  the  energy  losses  of  relativistic  particle  in 

a  substance  with  transmission  of  a  small  momentum  q  <X  e  .  The 

P 

spatial  dispersion  e  -  f(x)  is  ignored  and  we  assume  u  =  1.  Then 
we  shall  obtain 


fa 


dkk  Ini 


(t  — 

(AV  +  «*(  |  —  o*i)l  —  1/ 


(2.5) 


where  v  1 s  the  velocity  'f  a  particle,  and  qQ  is  the  upper  limit  of 
the  tr?.n?ver~<?  momentum  h<-ing  transmitted  at  which  ther^  still  is 
valid  the  expression  for  e  --  f.(co). 

In  considering  that  real  part  of  e(o))  is  an  even  function,  and 
the  imaginary  part  e(a)  an  odd  r  unction  of  a),  and  considering  the 
inequality 
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formula  (2.3)  is  readily  transformed  to  the  well-known  relationship 

[12] 


(l-C0tW« 

« 1**0*  +  »•(!  —  P**)T ' 


Literature 

1.  A.  I.  Larkin.  Journal  of  experimental  and  theoretical 
physics,  Vol.  37,  264  (1959). 

2.  A.  I.  Alekseyev.  Advances  in  physical  sciences,  75,  41 
(1961). 

3.  G.  C.  Wick.  Phys.  Rev.,  80,  268  (1950). 

4.  L.  D.  Landau.  Journ.  exper.  and  theoret.  physics,  34,  262 
(1958). 

5.  I.  Ye.  Dzyaloshinskiy  and  L.  P.  Pitayevskiy.  Journ.  exper. 
and  theoret.  physics,  36,  1797  (1959). 

6.  Ye.  S.  Fradkin.  Journ.  exper.  and  theoret.  physics,  38, 

157  (I960). 

7.  Ye.  5.  Fradkin.  Nuclear  Physics,  12,  465  (1959). 

8.  I.  A.  Akhiyezer  and  S.  V.  Peletminskiy.  Journ.  exper.  and 
theoret.  physics.  38,  1829  (i960). 

9.  I.  A.  Akhiyezer.  Ukrainian  physics  journal.  Vol.  6,  435 
(1961). 

10.  T.  Matsubura.  Progress  in  Theoretical  Physics.  14,  351  (1955). 

11.  J.  L.  Anderson.  Physical  Review,  94,  703  (1954). 

12.  L.  D.  Landau  and  Ye.  M.  Lifshits.  Electrodynamics  of 
solid  media.  Moscow,  Fizmatgiz,  1955,  p.  441. 


-23- 


com 


BLANK  PAGE 


MT-64-435 

The  Application  of  Quantum-Field 
Theory  Methods  to  Multibody 
Problems.  Moscow,  Gosatomiz- 
dat,  1963 
Pages:  83-93 


RADIATION  OF  A  HIGH -TEMPERATURE  PLASMA 

A.  I.  Alekseyev  and  M.  A.  Troitskiy 

Methods  of  quantum  field  theory  in  statistical  physics 
are  applied  to  problem  on  the  radiation  of  a  high-tempera¬ 
ture  plasma.  There  is  found  spectral  decomposition  of 
intensity  of  bremsstrahlung  of  a  volume  unit  of  plasma  with 
the  shielding  of  Coulomb  field  of  ions  taken  into  account. 

The  production  of  a  plasma  by  magnetic  retardation  also  is 
investigated.  The  work  was  completed  in  1961. 

Bremsstrahlung  of  a  high- temperature  plasma,  and  also  recombi¬ 
nation  and  bright-line  radiations  of  a  low-temperature  plasma  were 
examined  by  a  number  of  authors  by  means  of  classical  methods  (see, 
for  example,  [1,  2]).  Of  considerable  interest  is  the  application 
of  new  methods  to  the  given  problem  in  statistical  physics,  inasmuch 
as  in  a  number  of  cases  they  give  the  most  correct  solution  of  the 
problem.  Together  with  new  results  in  certain  limiting  cases  we 
obtain  already  well-known  formulas.  Nevertheless  new  solution  is  of 
definite  methodical  interest  in  view  of  the  application  of  an  analogous 
method  to  other  noninvestigated  problems.  For  this  purpose  there 
is  examined  the  heat  transfer  of  a  high- temperature  multicomponent 
plasma.  The  device  discussed  below  is  generalized  readily  for  the 
region  of  low  temperatures,  in  which  the  calculation  of  discrete 
levels  of  ion  becomes  essential  and  also  for  the  case  of  the-, radiation 
of  a  magnetized  plasma.  For  plasma,  which  is  found  in  a  constant 
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magnetic  field  there  is  obtained  a  general  formula  of  the  magnetic 
bremsstrahlung  and  certain  limiting  cases  are  investigated. 


Bremsstrahlung  of  a  High- Temperature  Plasma 
Hamiltonian  HQ  of  a  quasi-neutral  system  of  electrons  and  Ions 
which  are  In  thermal  equilibrium  have  the  following  form  in  Schrodinger 
representation 


w*-£ f  «<*>*- **<*>**'+t  £ Wfc* <**>*» «*****. 

i J  .*.  l.V 


s 


where  the  sign  X  numbers  the  particles  of  a  given  level.  The  operator® 
of  interaction  of  the  plasma  particles  with  the  electromagnetic 


field* 


(x)<f.v 


+ 


«(x)A>^.(x)^ 


) 


results  in  bremsstrahlung  and  recombination  and  bright-line  radiation 
of  the  plasma.  Inasmuch  as  we  are  limited  to  the  nonrelativistic 
region  the  basic  contribution  to  the  radiation  will  be  introduced  by 
electrons,  the  lightest  particles.  Therefore,  from  the  entire  sum  of 
the  operator  subsequently  we  shall  consider  only  the  component 
pertaining  to  the  electron  with  charge  e  and  mass  m. 

As  also  in  work  [3],  we  shall  determine  the  S-matrix,  describing 
quantum-mechanical  transitions  of  two  quantum  systems  —  plasma  with 
Hamiltonian  and  free  field  of  radiation  with  Hamiltonian 

I- jf -(«.  +  «,  +H,)S. 


♦There  Is  used  such  a  gauge  transformation  of  the  electromagnetic 
potentials,  at  which  scalar  potential  is  equal  identically  to  zero, 
and  the  vector  potential  A  satisfies  the  condition  div  A  =  0* 
Furthermore,  it  is  assumed  h  =  c  =1. 
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By  means  of  the  transformation 

s_e-l(/4+«,M< 

we  shall  turn  to  the  interaction  picture,  in  which  the  s-matrix  is 
defined  as 

«,(*.  0 = — 0 A(x.  /)»♦(*,  0 + 

+  <)  A’(*.  0t(*.  0; 

t(«.  0 ♦We-'*'.  A(*.  0=  e“i,A(i|e'tti'  . 


where  symbol  T  before  the  operators  designates  the  T-product  [4], 
Radiation  of  plasma  in  first  approximation  according  to  is 
described  by  the  following  matrix  element  of  the  s-matrix 

--54'  J Jl.  iv‘(0)  M0)i»„  i'  p„*(k  i-  p„>  >: 


x«(«  +  mmity. 

Pm  ~  P«>  mmn  — 


U) 


s 


where  ^(0)  is  the  operator  of  electron  field  in  the  Schrddinger represen¬ 
tation  taken  at  x  =  0;  1 ^  and  a)  —  respectively  the  vector  of  polari- 
zation  and  energy  of  photon  with  the  momentum  k  (k  =  o>  ),  and  pn 
and  ER  —  respectively  the  total  momentum  and  total  energy  of  the  plasma 
in  the  n-th  state;  V  is  the  volume  of  the  plasma. 

Using  formula  (1),  we  find  statistically  the  averaged  energy 
dQ  being  radiated  by  a  volume  unit  of  plasma  per  unit  of  time  in 
the  interval  do) 


♦„».  \S!‘*  Vm<o)ux 

X  tt*(0)*(0>u  MmlW  + 
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*a> 


where  |3  *  1/kT,  ft  is  the  thermodynamic  potential  of  the  plasma,  and 
lu  and  respectively  are  chemical  potential  and  total  number  of 
particles  of  level  X.  By  the  repeated  vector  subscripts  i,  j  there 
is  implied  a  summation  from  one  to  three. 

By  following  the  method  presented  in  work  [3],  it  is  readily 
proven  that  function  j  (It,  o>)  is  connected  with  analytic  continua¬ 
tion  of  Fourier-component  K^k,  a>n)  of  the  correlation  function 

Kij(Xl  -  x2> 


/^{x,  .tJ-Sple'0  +  * |ir  (*,)/>,} (x,))  X 


where  p^  is  the  differential  operator  of  the  momentum  0  £  t  s  8  and 
Tt  designates  the  T-product,  in  which  the  order  of  operators  occurs 
according  to  the  variable  t.  § 

The  indicated  relationship  has  the  form  £ 


•l/(k.  •)=  — . 
<(!  -  e"1) 


(?) 


Formula  (2)  with  function  ^^(k,  «>)  (3)  is  useful  for  investigating 
the  bremsstrahlung  and  the  recombination  and  bright-line  radiations. 
Below  there  is  considered  only  the  bremsstrahlung. 

In  order  to  calculate  K^k,  u>n)  there  is  applied  the  well-known 
diagram  technique  (see  for  example,  [5])  and  then  the  formal  replace¬ 
ment  of  o)n  icD  and  k  -*■  -k  permits  us  to  find  ^^(k,  o>)  by  formula 
(3).  In  the  case  of  e  high -temperature  plasma  the  first  approxima¬ 
tion  different  from  zero  for  the  imaginary  part  of  function  K.  ..(-k,  ico) 

2 

is  given  by  the  graphs,  on  which  the  factor  ( -4 tt) q  corresponds  to 
dashed  line  and  to  the  solid  thin  line  —  Green’s  electron  thermodynamic 
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function  in  the  zero  approxima¬ 
tion  (see  Figure). 

•■)■  ■  * — —  * 

'•»+! -tr 

where  p.  is  the  chemical  potential 
of  the  electron  gas.  In  the 
figure  the  closed  loop  strung 
to  the  dashed  line,  belongs 
to  ions  of  the  plasma,  since  at 
first  we  consider  the  dipole  radiation  without  taking  into  account 
shielding.  Here  the  sum  of  graphs  corresponding  to  a  dipole 
radiation  of  electron  on  electron  gives  terms  which  mutually  are 
reduced. 

As  is  known,  in  the  nonrelativistic  region  the  momentum  of  a 
radiated  photon  is  much  less  than  the  momentum  of  a  radiating  particle, 
and  therefore  in  a  dipole  approximation  the  momentum  of  the  photon 
k  in  i«>)  must  be  set  equal  to  zero.  Then  integral  over  angles 

in  formula  (2)  may  be  calculated  and  dQ  will  be  expressed  through 
Kii(0,  io)),  where 


Kll  (0,  »„)  =  ~  j  V  «„(p,  -J  < 

x  Ip’cyp,  -  «•>,)  -i  (p  -  qW(p  -  q-  w-  -  )  + 

+  p(p  - q)Q..(p.  wm  - *«)g«(p - q.  mm ■  **-  lx 

x»(v. 

'’'tit'-*’- 


Here,  a>^,  =  =  t2”1  g  1)Tr,  where  n',  m  =  0,  ±1,  ±2,  .... 


-29- 


0(0  CDS 


Summation  in  formula  (5)  occurs  in  all  levels  of  ions. 

The  ignored  graphs,  being  proportional  to  the  small  dimensionless 

parameters  e^  enW/V1  «  1  and  e^enT^P2^2  «  1  (n  is  the  density 

of  electrons)  give  a  contribution,  considerably  less  than  the  basic 

term  (4).  The  smallness  of  the  parameter  e^em1/2^/^”1  permits  us 

to  take  into  account  the  interaction  between  electron  and  ion  in 

the  Born  approximation,  whereas  in  the  realization  of  the  inequality 
-1  2 

e^em  P  nh  «  1  there  may  be  disregarded  the  effects  of  the  medium1  s 
polarization  type. 

Relationships  (2) -(5)  are  applicable  both  for  the  Fermi,  and 
also  the  Bose  laws  of  the  distribution  of  particles  according  to 
the  momentum  n£.  However,  below  we  shall  assume  that  distribution 
function  of  electrons  and  ions  of  plasma  coincides  with  the  Boltzmann 
distribution. 

Using  the  formulas: 


i 


_ i__ 


-  2«  rfi; 

=  (2*  -|- 1)*  ?. 


where  z  is  an  arbitrary  complex  variable  it  is  readily  she  vn  that 


•*« 


_ 1 _ 

0  “a  +  *i)  (/  «•«  +  *t)  0  f-  *s) 


l 


+/(*!»  *t.  *:)• 


9 


Here  z^,  zg  and  are  complex  variables,  and  the  function  § 
f  ( z^j  z2,  z^)  does  not  have  poles  with  real  values  z^,  Zg  and  Zy  If 
the  summation  In  equality  (6)  is  made  in  ■  (2n  +  l)rr/P;  then  we 
shall  obtain  a  function,  which  does  not  have  poles  with  real  values 
z^,  Zg,  and  z^  (the  first  component  in  the  right-hand  side  of  equality 
(6)  will  be  lacking). 

Considering  realtionship  (6),  we  shall  use  the  equality 
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0#(P.  -  «/,)  =  [0«(p*  mm  -  «*) 

-09(p,  «„)|  (7) 

and  will  discard  all  components  in  expression  (4)  whose  imaginary- 
part  of  analytic  continuation  icon  -►  -a>  is  equal  to  zero.  We  shall 
obtain 

*„(0,  »„)-  S  o.(p.».) 

0.(p-  q,  •«-«v-On(q.  »*)-  —  .  (8) 

The  summation  in  formula  (8)  is  made  in  an  elementary  manner.  As  a 
result  for  energy  dQ  being  radiated  by  a  volume  unit  of  plasma  per 
unit  of  time  in  the  interval  do)  we  shall  obtain  in  accordance  with 
work  [1]  the  following  expression:* 

dQ-  S  f  i-  K^f).  (9) 

X 

where  rQ  =  — ^  is  the  classical  electron  radius,  n  and  n^  is  the 
me 

density  respectively  of  the  electrons  and  ions  of  level  X,  and  KQ 
is  the  MacDonald  function. 

If  the  shielding  of  Coulomb  interaction  of  particles  of  plasma 
is  significant  then  the  dashed  line  with  the  strung  ionic  loop  (see 
figure )  should  be  replaced  by  a  dashed  line  on  which  in  succession 
there  :i-.  an  infinite  number  of  electron  and  ionic  loops.  Then 

to  the  graph.',  shown  in  the  figure,  we  must  add  still  two  graphs 
which  are  two  electron  loops  with  three  tips,  connected  to  each  other 
by  two  dashed  lines,  on  which  there  is  strung  a  large  number  of 
electron  and  ionic  loops. 

*A11  final  formulas  contain  the  constants  k  and  c  in  explicit 

form. 
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a)(0 


In  the  most  simple  case  of  quiescent  Ions  the  Coulomb  field  of  8 
Ions  may  be  assumed  to  be  an  external  field  in  which  the  electron 
gas  moves.  The  discussed  apparatus  is  readily  generalized  for  this 
case,  where  for  Kii(0,  a^),  the  shielding  action  of  electrons  taken 
into  account,  we  shall  obtain 

K,l  (a  ••)=  j  S  'WP. "»)<>•  (P  -  *'mrn  *%>'< 

X  **• 

2  2 

where  h  =  4 ire  n{3  is  the  square  of  the  inverse  Debye  length.  With 
secured  ions  the  energy  dQ  radiated  by  a  volume  unit  of  plasma  per 
unit  of  time  in  the  interval  doo  has  the  following  form: 

*«?=£  Y ~  <V5<*»x  j/ t-yfc,  «*)</«; 


(10) 


For  high  frequencies  ccP  »  1  the  shielding  may  be  disregarded, 
the  function  F(to,  0)  coincides  with  MacDonald's  function 

and  formula  (10)  corroborates  results  of  work  [1], 

At  low  frequencies  the  shielding  becomes  significant  if  there 
is  fulfilled  the  condition 

(ii) 


•/*?  7 


In  taking  into  account  the  shielding,  function  F(cd,  h^)  at  low 
frequencies  (11)  takes  the  following  form: 


F(m,  x2)  =  In 


8« 


-C-l  - 


In 


8*1 


••mi?  ’  32m  •**»?  ' 

where  C  =  0.577  is  the  Euler  constant. 

For  the  Boltzmann  distribution  of  particles  by  momentum  the  ratio 
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0 


#  )*  « I1 


I  . 


is  fulfilled  automatically,  if  only  there  is  fulfilled  the  condition  % 
of  the  Born  approximation  e^em^/2f^/2ii’^  «  1.  Thus,  the  effects  of 
polarization  of  a  medium  are  immaterial  in  Born  case  and  the  calcula¬ 
tion  for  shielding  is  not  reflected  markedly  in  the  magnitude  of  the 
total  energy  radiated  by  a  volume  unit  of  the  plasma  per  unit  of 
time.  Calculation  of  the  shielding  of  the  Coulomb  ion  field 
alters  the  spectral  decomposition  of  the  radiation  intensity  only  at 
very  low  frequencies  (11)  by  removing  logarithmic  divergence  charac¬ 
teristic  for  radiation  in  Coulomb  field. 

/  . 

There  is  basis  for  expecting  that  in  case  of  strong  shielding 
2  -1 

e^ep  nkm  »  1  formula  (10)  will  remain  accurate  in  order  of 
magnitude.  Then  energy  radiated  by  unit  of  volume  of  plasma  in  unit 
of  time  in  order  of  magnitude  will  be  equal 


»»1«P 


1. 


Magnetic  Bremsstrahlung 

We  now  investigate  magnetic  bremsstrahlung  of  plasma  in  constant 
uniform  magnetic  field  H_,  directed  along  axis  oz,  under  the  condition 
that  the  absorption  may  be  ignored  and,  consequently,  all  radiation 
emerges  from  volume  of  plasma  outwardly.  Inasmuch  as  the  major 
contribution  to  the  magnetic  bremsstrahlung  is  given  by  light 
particles,  we  shall  write  out  in  the  Schrbdinger  notation  the  Hamiltonian 
only  of  the  electron  gas  of  the  plasma 

H  =  fv(x)-&-V(x)<Px,  ' 


ox, 


-»■ 


We  shall  assume  the  plasma  fairly  well  heated,  so  that  the  condition 
of  Born  approximation  is  fulfilled  and  energy  of  interaction  of 
electrons  with  electrons  and  ions  may  be  ignored.  Interaction  of 
electrons  with  electromagnetic  field 

V(x)AjPjV(x)d*x+ 

results  in  a  magnetic  bremsstrahlung.  Just  as  this  was  done  above, 

g 

we  shall  determine  the  s-matrix  describing  the  radiation  process. 

? 

Then  in  a  dipole  approximation  the  magnetic  bremsstrahlang  is  described 
by  matrix  element  of  the  s-matrix 

«... . . = <  -j-  /,'  j  ‘,r* <*>«"'*"  'V  <*»'»■  J'x  x. 

X2=>.(£*  E,  i  «), 


where  ER  is  the  total  energy  of  electron  gas  of  plasma  in  the  n-th 
state. 

The  statistically  averaged  energy  Q,  being  emitted  by  a  volume 
unit  of  plasma  per  unit  of  time  has  the  form 


Q-»  -  f(iji 
2r.m 1  J  \  J 

n<  *.-)=  -M'S  «<u 


n,  m 


+  :1  N~  Lm)  [V  *  (x)  e'  k  *  Pi  T  (x)|AM  X 


X  (x')  e~ 7  kx'  P'j  V  (x')U,  5  (Em  -  E„  +  «)  (PxtPx'. 


Here  ft  and  u  are  respectively  the  thermodynamic  and  chemical  potentials 
of  the  electron  gas  and  N  is  the  total  number  of  electrons  in  a 


volume  V. 

i  .  . 

In  a  dipole  approximation  in  function  $  ^(k,  it  is  possible 
to  set  k  =  0.  Then  wo  shall  obtain 


00 


Q~'  -^r  [  l^'nio,  w)4  *'„((),  <•>)] «-  (i o*  -f 
b 

30 


(12) 


■# we  latt  component  in  formula  (12)  does  not  make  a  contribution 
in  the  c  ^nsidered  approximation,  therefore  subsequently  it  will  be 

i 

discarded.  By  virtue  of  axial  symmetry  of  problem,  functions  <t>  ^(0, 
and  (0,  u>)  are  equal  to  each  other.  Thus,  in  order  to  calculate 

Q  it  is  sufficient  to  know  one  of  the  named  functions  (for  instance, 

<t> 1  ) 

22'* 

If  we  introduce  the  correlation  function 


K0{ t  - -■)  =  -L J Sp  ie('-'  >rt  l<r>(x)/>,  H(x>  X 

X  («••  (x)  P'j  r  (jt'))|;  tPxdx’: 


(1?) 


? 


there  is  readily  proven  the  equality 

Im 


*'/#,  «)- 


:  0  —  «"S) 


where  the  function  K^ico)  is  obtained  from  the  Fourier  component 
Kij(oon)  of  function  (1J>)  by  replacing  o>n  -*  icu.  Using  the  diagram 
technique  there  is  readily  found 


*//(««)■ - 7p-  S 

•» 

X  0%  (x't  x);  •*  -  «„)  d'x  d}x!\ 
•»*-  2/iic/p;  =  (2m  +  !)*/?, 


/  *  i 

where  GQ(x,  x  ;  t  -  t  is  Green's  thermodynamic  function  of  electron 
in  a  magnetic  field  which  is  investigated  in  detail  in  work  [6],  As 
a  result  of  simple  calculations  for  electron  gas  with  Boltzmann's 
law  of  distribution  of  particles  based  on  momentum  we  shall  obtain 

.  1  AW  Mu 

*«<0,  ®)  -  *(•  -  "H  ), 

where  n  is  the  density  of  electrons,  and  =  eHz/mc  is  Larmor 
frequency  of  electron  in  a  magnetic  field.  As  we  might  have  expected 
the  radiation  occurs  only  at  the  frequency  co^. 
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loco 


Finally  the  energy  radiated  by  a  volume  unit  of  a  magnet ized 


plasma  per  unit  of  time  is  equal  to 


W  #••**  -i 


(14) 


As  can  be  seen  from  formula  (14) ,  magnetic  bremsstrahlung  exponentially 
attenuates  with  a  decrease  in  temperature.  However,  the  temperature 
of  the  plasma  must  remain  fairly  high  so  that  condition  of  Bom 
approximation  is  fulfilled. 

Formula  (14)  is  obtained  by  considering  the  fact  that  the  motion 
of  an  electron  in  a  magnetic  field  obeys  laws  of  quantum  mechanics. 

i 

In  classical  limit  h  -*•  0  formula  (14)  changes  to  the  well-known 


result  [7] 


(15) 


Thus,  the  radiation  of  a  magnetized  plasma  is  described  by  means 

| 

of  classical  theory  (15)  only  in  the  case  when  energy  of  radiated  * 
quantum  is  much  lower  than  the  mean  thermal  energy  of  an  electron 
(Ko^  «  1/P),  which  is  realizable  in  fairly  weak  magnetic  fields 
and  at  a  high  electron  gas  temperature.  In  the  converse  case  (ku^  £  1/P) 
there  must  be  taken  into  account  the  quantum  character  of  motion 
of  electron  in  the  magnetic  field;  here  the  radiation  of  a  magnetized 
plasma  is  given  by  formula  (14). 
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